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FOLLOW UP READING FOR TODAY

• Chapters 9.1 -9.4



RECALL STEADY GRADUALY VARIED FLOW

• Depth can vary!

• Assumed that pressure 
distribution was hydrostatic 
(i.e. streamlines no 
significantly curved)

• We call this steady 
gradually varied flow

𝑍𝑈 + 𝑌𝑈 ∙ 𝑐𝑜𝑠𝜃0 +
𝛼𝑈∙𝑈𝑈

2

2∙𝑔
=𝑍𝐷 + 𝑌𝐷 ∙ 𝑐𝑜𝑠𝜃0 +

𝛼𝐷∙𝑈𝐷
2

2∙𝑔
+ ∆𝐻

EQ 8.8b



TOTAL ENERGY 𝒉

• The total energy ℎ of an element is the sum of 
its potential energy ℎ𝑃𝐸 & its kinetic energy ℎ𝐾𝐸:

• ℎ𝑃𝐸 is the sum of gravitational potential energy
ℎ𝐺 and pressure potential energy ℎ𝑃 :

• ∴ total energy ℎ is:

From Dingman (2008), 
Chapter 8 

ℎ = ℎ𝑃𝐸 + ℎ𝐾𝐸

ℎ𝑃𝐸 = ℎ𝐺 + ℎ𝑃

ℎ = ℎ𝐺 + ℎ𝑃 + ℎ𝐾𝐸

EQ 8.1

EQ 8.2

Energy quantities are 
expressed as energy 

[F L] divided by 
weight [F], which is 

called head [L]



DEFINITON DIAGRAM FOR ENERGY IN 1D

• Used for derivation of the macroscopic one-
dimensional energy equation

• Flow through reach is steady

From Dingman (2008), 
Chapter 8 



TOTAL MECHANICAL ENERGY AT A CROSS SECTION

• Using the channel bottom as a reference point, at cross 
section 𝑖 we can write the integrated gravitational 
head (AKA elevation head), 𝐻𝐺𝑖:

• Where 𝑍𝑖 is the elevation of the channel bottom, and the 
integrated pressure head 𝐻𝑃𝑖 is:

• Kinetic energy head 𝐻𝐾𝐸 for a fluid element with velocity 
𝑢 is given by:

From Dingman (2008), 
Chapter 8 

𝐻𝐺𝑖 = 𝑍𝑖 EQ 8.3

𝐻𝑃𝑖 = 𝑌𝑖 ∙ 𝑐𝑜𝑠𝜃0 EQ 8.4

ℎ𝐾𝐸 =
𝑢2

2 ∙ 𝑔
EQ 8.5



VELOCITY COEFFICIENT 𝜶 FOR ENERGY

• Because velocity varies from 
point to point n a cross 
section, we need a fudge 
factor 𝛼𝑖 to account for this 

variation, so the velocity 
head 𝐻𝐾𝐸𝑖 is:

ℎ𝐾𝐸𝑖 =
𝛼𝑖 ∙ 𝑈𝑖

2

2 ∙ 𝑔

EQ 8.6

From Dingman (2008), 
Chapter 8 



A CONVENIENT OUTCOME OF BOX 8.2

Velocity Head 𝐻𝐾𝐸 tends to be at 

least an order of magnitude 
smaller than pressure head 𝐻𝑃

𝛼 ≈ 1.3 good enough typically…

From Dingman (2008), 
Chapter 8 



TOTAL HEAD 𝑯𝒊 AT A CROSS SECTION 𝒊

• ‘The total mechanical energy-per-weight, or 
total head 𝐻𝑖, at cross-section 𝑖, is the sum of 
the gravitational, pressure and velocity heads:

𝐻𝑖 = 𝐻𝐺𝑖 +𝐻𝑃𝑖 +𝐻𝐾𝐸𝑖ℎ = ℎ𝐺 + ℎ𝑃 + ℎ𝐾𝐸

𝐻𝑖 = 𝑍𝑖 + 𝑌𝑖 ∙ 𝑐𝑜𝑠𝜃0 +
𝛼𝑖 ∙ 𝑈𝑖

2

2 ∙ 𝑔

From Dingman (2008), 
Chapter 8 

EQ 8.6

But, this is just at one 
cross section 𝒊… What 

about for this diagram?



APPLY 𝑯𝒊 BETWEEN TWO CROSS SECTIONS

• What is the change in in cross-
sectional integrated energy from an 
upstream section (𝑖 = 𝑈) to a 
downstream section (𝑖 = 𝐷)?

• Where ∆𝐻 is the energy lost 

(converted to head) per weigh of 
fluid, or head loss.

From Dingman (2008), 
Chapter 8 

𝑍𝑈 + 𝑌𝑈 ∙ 𝑐𝑜𝑠𝜃0 +
𝛼𝑈∙𝑈𝑈

2

2∙𝑔
=𝑍𝐷 + 𝑌𝐷 ∙ 𝑐𝑜𝑠𝜃0 +

𝛼𝐷∙𝑈𝐷
2

2∙𝑔
+ ∆𝐻

EQ 8.8b

𝐻𝑖 = 𝑍𝑖 + 𝑌𝑖 ∙ 𝑐𝑜𝑠𝜃0 +
𝛼𝑖 ∙ 𝑈𝑖

2

2 ∙ 𝑔 EQ 8.6

𝐻𝐺𝑈 + 𝐻𝑃𝑈 + 𝐻𝐾𝐸𝑈 = 𝐻𝐺𝐷 + 𝐻𝑃𝐷 + 𝐻𝐾𝐸𝐷 + ∆𝐻
EQ 8.8a

This is the ENERGY 
EQUATION!



THE ENERGY EQUATION APPLIES WHERE?

• Depth can vary!

• Assumed that pressure 
distribution was hydrostatic 
(i.e. streamlines no 
significantly curved)

• We call this steady 
gradually varied flow

𝑍𝑈 + 𝑌𝑈 ∙ 𝑐𝑜𝑠𝜃0 +
𝛼𝑈∙𝑈𝑈

2

2∙𝑔
=𝑍𝐷 + 𝑌𝐷 ∙ 𝑐𝑜𝑠𝜃0 +

𝛼𝐷∙𝑈𝐷
2

2∙𝑔
+ ∆𝐻

EQ 8.8b



SOME IMPORTANT IMAGINARY LINES

• The line representing the total 
potential energy from section 
to section is called the 
piezometric head line

𝑆𝐸 ≡ −
𝐻𝐷−𝐻𝑈

∆𝑋
=
∆𝐻

∆𝑋
= EQ 8.9

• The line representing the total head from section to section 
is called the energy grade line

• The slope 𝑆𝐸 of the energy grade line is the energy slope:



TODAY’S PLAN

I. Water Surface Profile Classification (§ 9.2) 
Controls (§ 9.3) 

II. Computation of WS Profiles (§ 9.4)

I. Theoretical Basis

II. Standard-Step Approach

III. Lab: Using WS Spreadsheet 

GRADUALLY VARIED FLOW & WATER 
SURFACE PROFILES  (Applied to 1D flows)

From Dingman (2008), 
Chapter 9 



FLOW PROFILES CLASSIFIED

• Normal Depth 𝑌𝑛 =
𝑛𝑀∙𝑄

𝑢𝑀∙𝑊∙𝑆0
 1 2

 3 5
:

• Critical Depth 𝑌𝑐 ≡

𝑄

𝑔  1 2∙𝑊

 2 3

• Mild Slope: Uniform 
flow subcritical & 𝑌𝑛 >
𝑌𝑐

• Steep Slope: Uniform 
flow supercritical & 
𝑌𝑛 < 𝑌𝑐

Mild Slopes 
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𝑌𝑐



NOW THAT YOU KNOW THIS… WHAT IS:

In terms of M/S, 
1,2,3 &  Backwater/ 
Drawdown

• S3 - Backwater

• M2 - Drawdown

• M1 - Backwater

• S1 - Backwater



CLASSIFICATION OF FLOW PROFILES
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CONTROLS…

• Normal depth 𝑌𝑛 for a given discharge is 
determined by the local channel width 𝑊, 
slope 𝑆0 and resistance (𝑛𝑀or Ω)

• ∴ Spatial change in any of these produces a 
change in depth 𝑌 as the flow seeks to 
achieve the new normal depth 𝑌𝑛

• A control is:

𝑌𝑛 =
𝑛𝑀 ∙ 𝑄

𝑢𝑀 ∙ 𝑊 ∙ 𝑆0
 1 2

 3 5

From Dingman (2008), 
Chapter 9 

Eq. 9.13



WAY OF THINKING ABOUT CONTROLS

Since controls are basically a 
𝑑𝑌

𝑑𝑋
:

• A change in depth can be thought of as a positive 
(DS) or negative (US) gravity wave that travels along 
the channel at the celerity 𝐶𝑔𝑤

• 𝐶𝑔𝑤 is wave’s velocity with respect to water velocity 𝑈

• If flow is subcritical, 𝐶𝑔𝑤 > 𝑈 and depth change 

propagates both upstream and downstream

• If flow is critical, 𝐶𝑔𝑤 < 𝑈, “and the ‘information’ 

about the new normal depth cannot be transmitted 
upstream’

𝐶𝑔𝑤 = 𝑔 ∙ 𝑌
Eq. 9.15  & 6.4



SLOPE CONTROLS (i.e. GRADE BREAKS)

𝐹𝑟 < 1 US of Control 𝐹𝑟 > 1 US of Control

Is 𝑌always seeking new 𝑌𝑛
DS of control?

Influence 
extends?

Which are backwaters 
vs. drawdowns?



OTHER TYPES OF CONTROLS

• Section Controls - changes in 
𝑊, 𝑆0 and 𝑛𝑀 that produce a 
control over a relatively short, 
distinct reach

• Channel Controls - changes in 
𝑊, 𝑆0 and 𝑛𝑀 that produce a 
more diffuse change in 𝑌 over 
longer distances

• Partial Controls – controls 
that have stage dependence

• Artificial Controls – controls 
designed to provide stable, 
precise relations between 
discharge & depth for 
measuring Q



WHAT ARE THE CONTROLS?

Section controls?
Channel controls?
Partial controls?
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USE SAME STUFF IN TWO DIFFERENT WAYS

Estimate

With:
• Continuity
• Energy
• Uniform-flow resistance

The Standard Step Method 
(Using discrete mathematics)

Theoretical Derivation 
(Using continuous mathematics)

𝑄 = 𝑊𝑖 ∙ 𝑌𝑖 ∙ 𝑈𝑖

Eq. 9.1

𝑄 = 𝑢𝑚 ∙ 𝑛𝑀𝑖
−1 ∙ 𝑌𝑖 ∙ 𝑊𝑖

 5 3 ∙ 𝑆𝑓𝑖
 1 2

Eq. 9.12M

𝑍𝑖 + 𝑌𝑖 +
𝛼𝑖 ∙ 𝑈𝑖

2

2 ∙ 𝑔
=∆𝐻 + 𝑍𝑖−1+𝑌𝑖−1 +

𝛼𝑖−1 ∙ 𝑈𝑖−1
2

2 ∙ 𝑔

Eq. 9.2
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START WITH ENERGY…

• Consider a channel carrying 
steady flow of specified 
discharge 𝑄.

• To simplify derivation, assume 

– energy coefficient 𝛼 = 1

– Hydrostatic pressure distribution 

– cos 𝜃 = 1

• Recall, definition of specific head 
ℋ (total energy per weight of 

flowing water) at a given cross 
section ℋ is simply sum of 
elevation head 𝑍 and specific 
head ℋ𝑆

• X-S Geometry can vary 
now!

• Change 𝑈 & 𝐷 subscript 
to 𝑖 and 𝑖+𝑛

ℋ = 𝑍 +ℋ𝑆

Eq. 9.16



LOOK AT ℋ AS YOU GO DOWNSTREAM 

• Since 
𝑑𝑌

𝑑𝑋
≠ 0 take derivative of energy ℋ relative to 

downstream distance X

• Recalling definition of channel slope (𝑆0 ≡ −
∆𝑍

∆𝑋
) and 

friction slope (𝑆𝑓 ≡
𝑄

𝐾

2
):

• And because:                              

Eq. 9.17

𝑑ℋ

𝑑𝑋
=
𝑑𝑍

𝑑𝑋
+
𝑑ℋ𝑆

𝑑𝑋
ℋ = 𝑍 +ℋ𝑆

𝑑ℋ𝑆
𝑑𝑋

= 𝑆0 − 𝑆𝑓 Eq. 9.18

𝑑ℋ𝑆
𝑑𝑋

=
𝑑ℋ𝑆
𝑑𝑌

∙
𝑑𝑌

𝑑𝑋

𝑑𝑌

𝑑𝑋
=
𝑆0 − 𝑆𝑓
𝑑ℋ𝑆
𝑑𝑋

We can get change in depth 
as we go downstream:

Eq. 9.19 Eq. 9.20



THE DOWNSTREAM RATE OF CHANGE OF DEPTH RELATION

• Towards a more useful form of 9.20:
𝑑𝑌

𝑑𝑋
=
𝑆0 − 𝑆𝑓
𝑑ℋ𝑆
𝑑𝑋

𝑑𝑌

𝑑𝑋
= 𝑆0 ∙

1 −  
𝑆𝑓
𝑆0

1 −  𝑌𝑐 𝑌

3

Eq. 9.20

Eq. 9.21

• Just a function of 𝑆0, 
𝑆𝑓, 𝑌𝑐, & 𝑌

• Would be nice to get 
rid of 𝑆𝑓



BRING IN FLOW RESISTANCE

• Now we use our uniform flow resistance relationship 
(just energy up to this point); can be Chezy or Mannings

• In both:

– Normal depth 𝑌𝑛 is related to channel slope 𝑆0
– Actual depth 𝑌 is related to friction slope 𝑆𝑓 (assuming that 

uniform-flow relations are applicable to gradually varied flow)

• Using Chezy..

𝑌𝑛 =
Ω ∙ 𝑄

𝑔  1 2 ∙ 𝑊 ∙ 𝑆0
 1 2

 2 3

Eq. 9.13C & 9.23

𝑆0 =
Ω2 ∙ 𝑄2

𝑔 ∙ 𝑊2𝑊 ∙ 𝑌𝑛
3

Eq. 9.24

𝑆𝑓

𝑆0
=
𝑌𝑛
𝑌

3

Eq. 9.25C

𝑆𝑓

𝑆0
=
𝑌𝑛
𝑌

 10 3

Eq. 9.25M

Or for Mannings:



NOW SUBSTITUTING RESISTANCE TO GET 
𝑑𝑌

𝑑𝑋

• Original:

• Chezy

• Mannings

𝑑𝑌

𝑑𝑋
= 𝑆0 ∙

1 −  
𝑆𝑓
𝑆0

1 −  𝑌𝑐 𝑌

3

Eq. 9.21

𝑑𝑌

𝑑𝑋
= 𝑆0 ∙

1 −  𝑌𝑛 𝑌

3

1 −  𝑌𝑐 𝑌

3

Eq. 9.26C

𝑑𝑌

𝑑𝑋
= 𝑆0 ∙

1−  𝑌𝑛
𝑌

 10 3

1−  𝑌𝑐 𝑌
 10 3

Eq. 9.26M



NOW, WE CAN RELATE 
𝑑𝑌

𝑑𝑋
TO CLASSIFICATION 

• Define:

or:

For both…

𝑁 ≡ 1 −  𝑌𝑛 𝑌

3

Eq. 9.27C

𝑁 ≡ 1 −  𝑌𝑛 𝑌

 10 3

Eq. 9.27M

𝐷 ≡ 1 −  𝑌𝑐 𝑌

3

Eq. 9.28

• With N & D

– If 𝑌𝑛 < 𝑌, then 𝑁 > 0

– If 𝑌𝑐 < 𝑌, then 𝐷 > 0

– If 𝑌𝑐 > 𝑌, then 𝐷 < 0

• ∴ the sign of the ratio of 
𝑁

𝐷

determines the sign of 
𝑑𝑌

𝑑𝑋
(i.e. 

whether depth increases or 
decreases)



WORTH NOTING…

• Recall specific head 
diagram

𝐻𝑆 = 𝑌 +
𝛼𝑖 ∙ 𝑄

2

2 ∙ 𝑔 ∙ 𝑊2 ∙ 𝑌2

𝑑𝑌 = 𝑆0 ∙
1−  𝑌𝑛

𝑌

 10 3

1−  𝑌𝑐 𝑌
 10 3
∙ 𝑑𝑋

Eq. 9.29



THEN THE MEANINGUL BIT…

• Since 𝑌𝑛 & 𝑌𝑐 are 𝑓 𝑑𝑋 ,
we can integrate equation 
9.29 between  a location 𝑋𝑖
where depth is 𝑌𝑖 and a 
location 𝑋𝑖+1 where depth 
is 𝑌𝑖+1:

𝑑𝑌 = 𝑆0 ∙
1−  𝑌𝑛

𝑌

 10 3

1−  𝑌𝑐 𝑌
 10 3
∙ 𝑑𝑋

Eq. 9.29M

 
𝑌𝑖

𝑌𝑖+1

𝑑𝑌 =  
𝑌𝑖

𝑌𝑖+1

𝑆0 ∙
1 −  

𝑌𝑛(𝑋)
𝑌(𝑋)

 10 3

1 −  
𝑌𝑐(𝑋)

𝑌(𝑋)

 10 3
∙ 𝑑𝑋

𝑌𝑖+1 = 𝑌𝑖 + 
𝑌𝑖

𝑌𝑖+1

𝑆0 ∙
1 −  

𝑌𝑛(𝑋)
𝑌(𝑋)

 10 3

1 −  
𝑌𝑐(𝑋)

𝑌(𝑋)

 10 3
∙ 𝑑𝑋

Eq. 9.30M



HOW CAN I USE THAT?

• Well…

Numerically….

𝑌𝑖+1 = 𝑌𝑖 + 
𝑌𝑖

𝑌𝑖+1

𝑆0 ∙
1 −  

𝑌𝑛(𝑋)
𝑌(𝑋)

 10 3

1 −  
𝑌𝑐(𝑋)

𝑌(𝑋)

 10 3
∙ 𝑑𝑋

Eq. 9.30M
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A VERY MANUAL FORM OF THE STANDARD STEP

• Again:

• Continuity

• Energy

• Uniform-flow resistance



LET’S DISCUSS & PLAY WITH THE REST
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